Gene expression is a noisy process. That consists of several random events among which the reinitiation of transcription by RN AP is an important one. The binding event of RN AP to the active state of the gene is an probabilistic process and therefore introduces noise in the protein levels. In this paper, we analytically calculate the noise in mRNA and protein levels and also the probability distribution of mRNA numbers exactly with the binding event of RN AP in gene transcription process. The theoretically calculated noise expression of proteins shows excellent agreement with an experimental results. Then, we show that the noise in mRNA level can be sub-Poissonian due to the reinitiation of transcription by RN AP and the mean mRNA level can be increased without increasing the noise. We also find the exact distribution of mRNA numbers with the reinitiation of transcription.
Introduction
Gene expression and it's regulation is an inherently stochastic process leading to cell-to-cell variation in mRNA and protein levels [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . The regulation of gene expression can be acheived either at the transcriptional or translational or degradation levels. The initiation of transcription by RN AP molecules is an important part of the transcriptional regulation [13] . The experimental study in eukaryotic system by Blake et al. showed that the pulsatile mRNA production through reinitiation is crucial for the dependence of noise on transcriptional efficiency [3] . The reinitiation also enhances the reliability of transcriptional responses in eukaryotic systems [14] .
The noise in gene expression is generally analyzed using simplified stochastic models [4, 7, 9, 10] and quantified by calculating the variance or Fano factor. The mRNA synthesis from a gene constitutively is a Poisson process with unity Fano factor. The two-state model, i.e., random activation and inactivation of a gene gives rise to an increase in noise in mRNA level to super-Poissonian (greater than unity) Fano factor [12] . It is observed that only negative feedback can reduce the noise in mRNA/protein level and can move the Fano factor into the sub-Poissonian (less than unity) regime [11] . We cannot think of the sub-Poissonian noise regime at the mRNA level without the negative feedback in gene expression. In this article, we show that the reinitiation of transcription by RN AP can move the noise in mRNA level into the sub-Poissonian regime. We also find that the mean mRNA level can be increased without increasing the noise by controlling the reinitiation of transcription. There are many works has already been done on the exact solution of distribution of mRNA and protein levels with and without the feedback but excluding the reinitiation process [6, 9, 10, 11] . We also find out the exact distribution of mRNA levels with reinitiation of transcription by RN AP .
The model and solution
We consider the gene regulation model where only activators regulate the gene transcription i.e., a part of model from Blake et al. [3] . In this model, the activators bind the promoter region of the gene and turns the gene into active state (G 2 ) from the inactive state (G 1 ). Once the gene turns into active state, the RN AP then binds the gene and form a initiation complex (G 3 ). Then, the bound RN AP can follow two paths: either it unbinds and leaves the G 3 state or it starts transcription. As it starts transcription, it moves forward along the gene and the G 3 state turns into the G 2 again. Another RN AP can bind the gene again to form a initiation complex and then starts transcription. So, RN AP can bind multiple times in the active state of the gene and a burst of mRNAs are synthesized before the gene turns into the inactive state (G 1 ) from the active state (G 2 ). The biochemical reactions and the corresponding rate constants are shown in Fig. 1 .
Let us consider that there are l copy number of a particular gene exist in the cell. Let p(l 2 , l 3 , m, n, t) be the probability that at time t, there are m number of mRNAs and n number of proteins molecules with l 2 number of genes in the active state (G 2 ) and l 3 number of genes in the initiation complex (G 3 ). The number of gene in the inactive states are l 1 = (l − l 2 − l 3 ) as the gene copy number is conserved. The time evaluation of the probability is given by the Master equation [15] ∂p(l2,l3,m,n,t) ∂t
The use of standard generating function approach in the theory of stochastic processes is now applied for the expression of means and the variances of mRNA and protein in the steady state [15] . We define a generating function as
Inserting eq.(2) into eq.(1) we obtain the equation as
The derivatives of the generating function of different orders at z 1 = 1, z 2 = 1, z 3 = 1, z 4 = 1 gives rise to the moments of the probability density function p(l 2 , l 3 , m, n). At the steady state condition, let us define ∂F (1,1,1,1) 3, 4) . The expressions of different f ′ i s and f ij 's are given in the supplemental material [16] .
The quantity f 3 and f 4 gives the steady state average of mRNA and protein numbers (< m >= f 3 , < p >= f 4 ) respectively. The variances of mRNAs and proteins are given by var
respectively. The expressions for Fano factors of mRNAs (F F m = var m /f 3 ) and proteins (F F p = var p /f 4 ) in terms of rate constants (Fig. 1 ) are given by (for l = 1)
where
and a 8 = k 3 (k m + k 1 )/(a 1 k m + a 2 ).
The plot of protein's Fano factor with transcriptional efficiency along with the experimental data points (activator only case of Blake et al. [3] ) is shown in Fig. 2 . We find the excellent agreement between the experimental data in Blake et al. [3] and our theoretically calculated curve as shown in Fig. 1(b) . Though, Sanchez et al. [17] reproduces the experimental result of Blake et al. [3] without the consideration of reinitiation. So, we also plot the * Electronic address:rkarmakar@vidyamandira.ac.in = 1.0, J p = 5.0, k p = 0.0125 with reinitiation (red solid line) ( Fig. 1(a) ) and without reinitiation (dotted line) ( Fig. S1[16] ). The hollow circles (blue) are the experimental data points [3] . The inset figure show the variation of mean protein number with GAL concentration with reinitiation (red solid line) and without reinitiation (red dotted line). F F p with transcriptional efficiency and mean protein < p > with GAL concentration with the same rate constants as given in Blake et al. [3] but without the reinitiation of transcription by RN AP (red dotted curves in Fig. 2 ). We observe that there is large deviation of F F p and < p > from the experimental observations without the reinitiation of transcription by RN AP for activator only system.
The transcriptional reinitiation by RN AP affect the noise at mRNA level first. Post transcription processes then further amplify that effect. So, we study the Fano factor of mRNA to explore the role of reinitiation of transcription. In equation (4), the first term arises due to the random birth and death of mRNA molecules and the second term arises due to the random transitions between different gene states, G 1 , G 2 and G 3 (Fig. 1 ). Eq. (4) shows that the reinitiation can drive the Fano factor to the sub-Poissonian level depending on the condition, given by
And there is a critical value J c m for the given value of k 1 , k 2 and k 4 and that is given by
In the previous models and calculations, the F F m is always found to be greater than unity [7, 12, 16] . But, with the inclusion of reinitiation processes in gene transcription, we observe from eq.(4) that there are two distinct phases viz. super-Poissonian and sub-Poissonian Fano factor separated by Poissonian one are possible.
The transcriptional reinitiation process in Fig. 1 is mainly controlled by the rate constants k 3 , and J m . We observe the variation of F F m with k 3 for different rate constants reported in the literature [16] and also with the rate constants k 1 = 6.02 and k 2 = 3.012 (i.e., high GAL concentration (30%)) with J m as parameter ( Fig. 3(a) ). For the rate constant considered, the critical value of J m is J c m = 10.048 for which the F F m is Poissonian (green, solid line in Fig. 3(a) ). For J m greater than J c m , the F F m always lies in the super-Poissonian phase (blue dashed line for J m = 13.048 in Fig. 3(a) ) whereas for J m less than J c m the F F m always lies in the sub-Poissonian phase (red dotted line for J m = 1.048 in Fig. 3(a) ). The green solid line (F F m =1) in Fig 3(a) clearly separates the sub-Poissonian and super-Poissonian phases. The degree of deviation of F F m towards sub-Poissonian phase increases with the decreases in k 2 and k 4 . The variation of protein's Fano factor F F p is plotted against k 3 with above mentioned four different values of J m . The translation of mRNAs into proteins added some extra amount of noise in protein levels (eq.(5)). The straight solid line (for J m = 10.048) and curved dot-dashed line (forJ m = 8.048) in Fig. 3(a) becomes curved and straight respectively in Fig. 3(b) . Though, it can be shown that the F F m never moves below the Poissonian phase without the reinitiation of transcription by RN AP or negative feedback in gene transcription.
The rate constants for gene expression for different gene is not unique. The different literature on gene expression pointed out different values of rate constants for different steps. It is seen that the sub-Poissonian Fano factor is . The mean mRNA number does not increases much with the increase of k 1 and k 3 but increases more with J m (Fig. 4) . This behaviour is similar like 'coarse' and 'fine' control knob of electronic devices. The mean mRNA can be varied very little by varying k 1 or k 3 and the variation of J m is necessary for more change in mRNA level.
Steady state probability density function for mRNA
For a single copy number of the gene (l = 1), the equation (1) can be decomposed into three different equations corresponding to the three different gene states from which we have the exact solution of the probability density function for mRNA is given by where h 1 = k 1 , h 2 = − 1 2 + a 1 2 , h 3 = 1 2 1 − 2a 1 + a 2 1 − 4a 2 , h 4 = −J m k 3 The plot of p(m) versus m is shown in Fig. 4 corresponding to the different noise regime shown in Fig. 3(a) . In Fig. 3(a) , both the curves, the dotted (red, J m = 1.048) and the dot-dashed (cyan, J m = 8.048), have sub-Poissonian noise with very close to unity but with different mean value. The dot-dashed curve for J m = 8.048 has higher mean with lowered Fano factor. The mean mRNA level can be increased without moving the the Fano factor to super-Poissonian regime only by increasing k 3 and k 1 and keeping J m below the critical value or by increasing k 1 and J m subject to the condition given in equation (7) .
